























ON CERTAIN SEMIGROUPS OF TRANSFORMATIONS WITH
AN INVARIANT SET
MOSAROF SARKAR AND SHUBH N. SINGH
Abstract. Let X be a nonempty set and let T (X) be the full transformation
semigroup on X. The main objective of this paper is to study the subsemigroup
Ω(X, Y ) of T (X) defined by
Ω(X, Y ) = {f ∈ T (X) : Y f = Y },
where Y is a fixed nonempty subset of X. We describe regular elements in
Ω(X, Y ) and show that Ω(X, Y ) is regular if and only if Y is finite. We
characterize unit-regular elements in Ω(X, Y ) and prove that Ω(X, Y ) is unit-
regular if and only if X is finite. We characterize Green’s relations on Ω(X, Y )
and prove that D = J on Ω(X, Y ) if and only if Y is finite. We also determine
ideals of Ω(X, Y ) and investigate its kernel. This paper extends several results
appeared in the literature.
1. Introduction
Throughout this paper, let X be a nonempty set and let Y be a fixed nonempty
subset of X . Denote by T (X) the full transformation semigroup on X . It is well-
known that T (X) is regular [8, p. 63, Exercise 15], and T (X) is unit-regular if
and only if X is finite [3, Proposition 5]. A characterization of Green’s relations
on T (X) is well-known [8, p. 63, Exercise 16]. In 1952, Mal’cev [13] determined
ideals of T (X). A transformation semigroup is a subsemigroup of T (X). Various
transformation semigroups have been introduced and extensively studied for sev-
eral decades, as every semigroup is isomorphic to a transformation semigroup [8,
Theorem 1.1.2].
In 1966, Magill [12] introduced and studied an interesting transformation semi-
group T (X,Y ) defined by
T (X,Y ) = {f ∈ T (X) : Y f ⊆ Y },
where Y f is the image of Y under f . In 2005, Nenthein et al. proved that T (X,Y )
is regular if and only if X = Y or |Y | = 1 [14, Corollary 2.4], and they charac-
terized regular elements in T (X,Y ) [14, Theorem 2.3]. Honyam and Sanwong [6]
determined Green’s relations on T (X,Y ) and characterized its ideals. Sarkar and
Singh gave a characterization of unit-regular elements in T (X,Y ) [16, Theorem 4.2]
and also proved that T (X,Y ) is unit-regular if and only if X is finite, and |Y | = 1
or Y = X [16, Theorem 4.4].
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Denote by S(X) (resp. IX) the symmetric group (resp. identity map) on X .
Honyam and Sanwong [7] and Laysirikul [11] introduced, respectively, the transfor-
mation semigroups Fix(X,Y ) and S(X,Y ) defined by
Fix(X,Y ) = {f ∈ T (X) : f↾Y = IY } and S(X,Y ) = {f ∈ T (X) : f↾Y ∈ S(Y )},
where f↾Y : Y → Y is the map that agrees with f on Y . Honyam and Sanwong
[7] observed that Fix(X,Y ) is regular and characterized its Green’s relations and
ideals. Chaiya et al. [1, Theorem 5.2] proved that Fix(X,Y ) is unit-regular if and
only if X \Y is finite. Laysirikul [11, Theorem 2.2] showed that S(X,Y ) is regular.
Sommanee [17] gave a description of Green’s relations on S(X,Y ) and characterize
its ideals.
Denote by Ω(X) the semigroup under composition of all surjective transforma-
tions on X . In [9], Konieczny characterized Green’s relations on Ω(X) and investi-
gated its kernel. In particular, Konieczny [9] proved that the kernel of Ω(X) exists
and determined its elements and cardinality.
Let
Ω(X,Y ) = {f ∈ T (X) : Y f = Y }.
Clearly Ω(X,Y ) is a subsemigroup of T (X,Y ). If Y = X , then Ω(X,Y ) = Ω(X).
Therefore we may regard Ω(X,Y ) as a generalization of Ω(X). Moreover, if Y
is finite, then S(X,Y ) = Ω(X,Y ) (cf. [4, Proposition 1.1.3]). By definition of
T (X,Y ), S(X,Y ), Fix(X,Y ), and Ω(X,Y ), we can see that
Fix(X,Y ) ⊆ S(X,Y ) ⊆ Ω(X,Y ) ⊆ T (X,Y ).
The main purpose of this paper is to study the semigroup Ω(X,Y ). We divide
the paper into five sections. In Section 2, we present basic definitions and introduce
remaining notation used within the paper. In Section 3, we first describe regular
elements in Ω(X,Y ) and then show that Ω(X,Y ) is regular if and only if Y is
finite. Next, we characterize unit-regular elements in both semigroups S(X,Y )
and Ω(X,Y ), and show that the sets of all unit-regular elements in S(X,Y ) and
Ω(X,Y ) are equal. Also, we prove that S(X,Y ) (resp. Ω(X,Y )) is unit-regular if
and only if X \Y (resp. X) is finite. In Section 4, we characterize Green’s relations
on Ω(X,Y ) and prove that D = J on Ω(X,Y ) if and only if Y is finite. In Section
5, we characterize ideals of Ω(X,Y ) and determine its kernel.
2. Preliminaries and Notation
Let A be a set. We denote by |A| the cardinality of A and write A \ B =
{x ∈ A : x /∈ B}, where B is a set. A partition of A is a collection of pairwise
disjoint nonempty subsets of A, called blocks, whose union is A. A transversal of
an equivalence relation ρ on A is a subset of A which contains exactly one element
of each ρ-class. We denote by IA the identity map on A.
We denote the composition of maps by juxtaposition, and we compose maps
from left to right. Let f be a map. We write dom(f) (resp. codom(f)) to denote
the domain (resp. codomain) of f . For x ∈ dom(f), we write xf for the image
of x under f . If B ⊆ dom(f) and C ⊆ codom(f), we let Bf = {xf : x ∈ B} and
Cf−1 = {x ∈ dom(f) : xf ∈ C}. We simply write xf−1 instead of Cf−1 when
C = {x} ⊆ codom(f). Let f be a map and dom(f) = A. We denote by ker(f)
the equivalence relation on A defined by (a, b) ∈ ker(f) if and only if af = bf . We
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write Tf to denote a transversal of ker(f). Note that |Tf | = |Af |. Let f : A → A
be a map and B ⊆ dom(f). The restriction of f to B is a map f|B : B → A defined
by x(f|B ) = xf for all x ∈ B. If Bf ⊆ B, we denote by f↾B the map from B to
B which agrees with f on B. Note that if f ∈ Ω(X,Y ) (resp. f ∈ S(X,Y )), then
f↾Y ∈ Ω(Y ) (resp. f↾Y ∈ S(Y )).
Let S be a semigroup with identity. Denote by U(S) the set of all units in S.
An element x ∈ S is called regular (resp. unit-regular) if xyx = x for some y ∈ S
(resp. y ∈ U(S)). Let reg(S) (resp. ureg(S)) denote the set of all regular (resp.
unit-regular) elements in S. The semigroup S is said to be regular (resp. unit-
regular) if reg(S) = S (resp. ureg(S) = S). Note that U(T (X)) = S(X), and if
f ∈ U(T (X,Y )), then f↾Y ∈ S(Y ).
Let S be a semigroup. As usual, we denote Green’s relations on S by L, R, H,
D, and J . If a ∈ S and T is one of Green’s relations on S, then we denote by Ta
the equivalence class of a with respect to T . An ideal I of S is said to be minimal if
there is no ideal of S that is strictly contained in I. Note that a semigroup contains
at most one minimal ideal. However, if a semigroup S contains a minimal ideal,
then such unique minimal ideal of S is called the kernel of S and is denoted by
K(S).
For all undefined notions and notation, we refer the reader to [2, 8].
3. Regular and Unit-regular elements
In this section, we first describe regular elements in Ω(X,Y ) and show that
Ω(X,Y ) is regular if and only if Y is finite. Next, we characterize unit-regular
elements in both semigroups S(X,Y ) and Ω(X,Y ), and prove that the sets of all
unit-regular elements in S(X,Y ) and Ω(X,Y ) are equal. We prove that S(X,Y )
(resp. Ω(X,Y )) is unit-regular if and only if X \ Y (resp. X ) is finite. Finally, we
give new proofs of known results about regularity and unit-regularity of Fix(X,Y ).
The following simple lemma is included here for completeness.
Lemma 3.1. Let f : X → X be a map and let Tf be a transversal of ker(f). Then
(i) f is injective if and only if X \ Tf = ∅;
(ii) f is surjective if and only if X \Xf = ∅;
(iii) f is bijective if and only if X \ Tf = ∅ and X \Xf = ∅;
(iv) if f is injective but not surjective, then |X \ Tf | 6= |X \Xf |.
In general, the subset reg(S) of a semigroup S does not form a subsemigroup of
S. However, in the next result, we show that reg(Ω(X,Y )) is a subsemigroup of
Ω(X,Y ).
Theorem 3.2. We have reg(Ω(X,Y )) = S(X,Y ).
Proof. Note that S(X,Y ) is a regular semigroup [11, Theorem 2.2]. Since S(X,Y ) ⊆
Ω(X,Y ), it follows that S(X,Y ) = reg(S(X,Y )) ⊆ reg(Ω(X,Y )). To show the re-
verse inclusion, let f ∈ reg(Ω(X,Y )). Then there exists g ∈ Ω(X,Y ) such that
fgf = f . This gives f↾Y g↾Y f↾Y = f↾Y and so Y (f↾Y g↾Y ) is a transversal of ker(f↾Y )
by [15, Lemma 3.1]. Since f↾Y , g↾Y ∈ Ω(Y ), it is clear that Y (f↾Y g↾Y ) = Y .
Since Y (f↾Y g↾Y ) is a transversal of ker(f↾Y ) and Y (f↾Y g↾Y ) = Y , it follows that
Y \ Y (f↾Y g↾Y ) = ∅ and so f↾Y is injective by Lemma 3.1(i). Hence f↾Y ∈ S(Y ) and
subsequently f ∈ S(X,Y ) as required. 
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Note that S(X,Y ) = Ω(X,Y ) if and only if Y is finite (cf. [4, Proposition 1.1.3]).
Using [11, Theorem 2.2] together with Theorem 3.2, we obtain the following result.
Proposition 3.3. The semigroup Ω(X,Y ) is regular if and only if Y is finite.
In the next result, we characterize unit-regular elements in S(X,Y ).
Theorem 3.4. Let f ∈ S(X,Y ). Then f ∈ ureg(S(X,Y )) if and only if |X \Tf | =
|X \Xf | for some transversal Tf of ker(f) such that Y ⊆ Tf .
Proof. Suppose that f ∈ ureg(S(X,Y )). Since ureg(S(X,Y )) ⊆ ureg(T (X,Y )), we
have f ∈ ureg(T (X,Y )). Then, by [16, Theorem 4.2], there exists a transversal Tf
of ker(f) such that Y ∩ Tf is a transversal of ker(f↾Y ) and
|(X \ Tf ) \ (Y \ Tf↾Y )| = |(X \Xf) \ (Y \ Y f↾Y )| (1)
where Tf↾Y = Y ∩ Tf is a transversal of ker(f↾Y ). Since f↾Y ∈ S(Y ), the set Y is
the only transversal of ker(f↾Y ). This implies that Y = Y ∩ Tf and so Y ⊆ Tf .
Further, since f↾Y ∈ S(Y ), it follows from Lemma 3.1(iii) that Y \ Tf↾Y = ∅ and
Y \ Y f↾Y = ∅. Then, by using equation (1), we obtain
|X \ Tf | = |(X \ Tf ) \ (Y \ Tf↾Y )| = |(X \Xf) \ (Y \ Y f↾Y )| = |X \Xf |.
Conversely, suppose that |X \ Tf | = |X \Xf | for some transversal Tf of ker(f)
such that Y ⊆ Tf . Since f↾Y ∈ S(Y ), the set Y is the only transversal of ker(f↾Y ).
Write Tf↾Y = Y . By hypothesis, since Y ⊆ Tf , we then get Tf↾Y = Y ∩Tf . Further,
since f↾Y ∈ S(Y ), it follows from Lemma 3.1(iii) that Y \Tf↾Y = ∅ and Y \Y f↾Y = ∅.
Therefore, by hypothesis, we obtain
|(X \ Tf ) \ (Y \ Tf↾Y )| = |X \ Tf | = |X \Xf | = |(X \Xf) \ (Y \ Y f↾Y )|.
In addition, since f↾Y ∈ S(Y ), we simply have f↾Y ∈ ureg(T (Y )) and Y f↾Y =
Y ∩ Xf . Therefore, by [16, Theorem 4.2], we get f ∈ ureg(T (X,Y )). Since
U(T (X,Y )) ⊆ S(X,Y ), we conclude that f ∈ ureg(S(X,Y )). 
In the next result, we show that ureg(S(X,Y )) and ureg(Ω(X,Y )) are equal.
Theorem 3.5. We have ureg(Ω(X,Y )) = ureg(S(X,Y )).
Proof. Since S(X,Y ) ⊆ Ω(X,Y ), it follows that ureg(S(X,Y )) ⊆ ureg(Ω(X,Y )).
To show the reverse inclusion, let f ∈ ureg(Ω(X,Y )). Then f ∈ reg(Ω(X,Y ))
and so f ∈ S(X,Y ) by Theorem 3.2. Since f ∈ ureg(Ω(X,Y )), there exists g ∈
U(Ω(X,Y )) such that fgf = f . Note that U(Ω(X,Y )) ⊆ U(S(X,Y )). Therefore
g ∈ U(S(X,Y )) and so f ∈ ureg(S(X,Y )) as required. 
Using Theorems 3.4 and 3.5, we obtain the following corollary.
Corollary 3.6. Let f ∈ Ω(X,Y ). Then f ∈ ureg(Ω(X,Y )) if and only if |X\Tf | =
|X \Xf | for some transversal Tf of ker(f) such that Y ⊆ Tf .
Lemma 3.7. If X \ Y is an infinite set, then there exists f ∈ Fix(X,Y ) such that
f /∈ ureg(S(X,Y )).
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Proof. If X \ Y is an infinite set, then there exists a map α : X \ Y → X \ Y which
is injective but not surjective. Define f : X → X by
xf =
{
x if x ∈ Y ,
xα if x ∈ X \ Y .
It is obvious that f ∈ Fix(X,Y ). Since α is injective, it follows that f is injective
and so X is the only transversal of ker(f). Write Tf = X . Then Y ⊆ Tf and
|X \ Tf | = 0. In addition, since α is not surjective, the map f is not surjective
and so |X \Xf | ≥ 1. This implies that |X \ Tf | 6= |X \Xf | where Tf is the only
transversal of ker(f) and Y ⊆ Tf . Hence f /∈ ureg(S(X,Y )) by Theorem 3.4. This
completes the proof of the lemma. 
Our next result characterizes unit-regularity of S(X,Y ).
Theorem 3.8. The semigroup S(X,Y ) is unit-regular if and only if X \Y is finite.
Proof. Suppose that S(X,Y ) is unit-regular. On the contrary, assume that X \
Y is infinite. Then, by Lemma 3.7, there exists f ∈ Fix(X,Y ) such that f /∈
ureg(S(X,Y )). However, since Fix(X,Y ) ⊆ S(X,Y ), we have f ∈ S(X,Y ) and
so f ∈ ureg(S(X,Y )) by hypothesis. This is a contradiction of the fact that f /∈
ureg(S(X,Y )). Hence X \ Y is finite.
Conversely, suppose that X \ Y is finite and let f ∈ S(X,Y ). Clearly Y ⊆ Xf
and therefore X \Xf,Xf \ Y ⊆ X \ Y . Since f↾Y ∈ S(Y ), it is clear that Y is the
only transversal of ker(f↾Y ) and there exists a transversal Tf of ker(f) such that
Y ⊆ Tf . Then X \ Tf , Tf \ Y ⊆ X \ Y . Since f↾Y : Y → Y and f|Tf : Tf → Xf are
bijections, it follows that |Tf \ Y | = |Xf \ Y |. Further, since X \ Y is finite, the
sets X \Xf , Xf \ Y , X \ Tf , and Tf \ Y are finite. Therefore
|(X \Y ) \ (Tf \Y )| = |X \Y |− |Tf \Y | = |X \Y |− |Xf \Y | = |(X \Y ) \ (Xf \Y )|
and so |X \ Tf | = |(X \ Y ) \ (Tf \ Y )| = |(X \ Y ) \ (Xf \ Y )| = |X \ Xf |. This
implies that f ∈ ureg(S(X,Y )) by Theorem 3.4. Since f is arbitrary, we conclude
that S(X,Y ) is unit-regular. 
Using Proposition 3.3 and Theorem 3.8, we obtain the following.
Theorem 3.9. The semigroup Ω(X,Y ) is unit-regular if and only if X is finite.
Proof. Suppose that Ω(X,Y ) is unit-regular. Then Ω(X,Y ) is regular and so Y is
finite by Proposition 3.3. Therefore Ω(X,Y ) = S(X,Y ). Since Ω(X,Y ) is unit-
regular and Ω(X,Y ) = S(X,Y ), it follows that X \ Y is finite by Theorem 3.8.
Moreover, since Y is finite, we conclude that X is finite.
Conversely, suppose that X is finite. Then X \ Y is finite and so S(X,Y ) is
unit-regular by Theorem 3.8. Again, by hypothesis, the set Y is finite and so
Ω(X,Y ) = S(X,Y ). Hence Ω(X,Y ) is unit-regular. 
Now, we recall the notion of pre-inverses introduced by Hickey [5, p. 372] in
1983.
Definition 3.10. [5, p. 372] Let S be a semigroup and a ∈ S. An element b ∈ S
is said to be a pre-inverse of a if aba = a.
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We denote by Pre(a) the set of all pre-inverses of a of a semigroup S.
Lemma 3.11. Let f ∈ T (X,Y ).
(i) If f ∈ S(X,Y ), then Pre(f) ⊆ S(X,Y ).
(ii) If f ∈ Fix(X,Y ), then Pre(f) ⊆ Fix(X,Y ).
Proof.
(i) Let g ∈ Pre(f). This means fgf = f . It follows that f↾Y g↾Y f↾Y = f↾Y .
Since f ∈ S(X,Y ), we have f↾Y ∈ S(Y ). Therefore f↾Y g↾Y = IY and
g↾Y f↾Y = IY . Hence g ∈ S(X,Y ) as required.
(ii) Let g ∈ Pre(f). This means fgf = f . It follows that f↾Y g↾Y f↾Y = f↾Y .
Since f ∈ Fix(X,Y ), we have f↾Y = IY . Therefore g↾Y = IY and hence
g ∈ Fix(X,Y ) as required.

Next, we give a new proof of the next result which was first appeared in [7, p.
83].
Proposition 3.12. The semigroup Fix(X,Y ) is regular.
Proof. Let f ∈ Fix(X,Y ). Then f ∈ S(X,Y ). It follows from [11, Theorem 2.2]
that fgf = f for some g ∈ S(X,Y ). Then, by Lemma 3.11, we have g ∈ Fix(X,Y )
and so f ∈ reg(Fix(X,Y )). Hence Fix(X,Y ) is regular. 
The following result was first proved by Chaiya [1, Theorem 5.2] in 2017.
Proposition 3.13. The semigroup Fix(X,Y ) is unit-regular if and only if X \ Y
is finite.
Proof. Suppose that Fix(X,Y ) is unit-regular. On the contrary, assume that X \
Y is infinite. Then, by Lemma 3.7, there exists f ∈ Fix(X,Y ) such that f /∈
ureg(S(X,Y )). Since Fix(X,Y ) ⊆ S(X,Y ), it follows that f /∈ ureg(Fix(X,Y )).
However, since f ∈ Fix(X,Y ), we get f ∈ ureg(Fix(X,Y )) by hypothesis. This is
a contradiction. Hence X \ Y is finite.
Conversely, suppose thatX\Y is finite and let f ∈ Fix(X,Y ). Then f ∈ S(X,Y ).
SinceX\Y is finite, we get fgf = f for some g ∈ U(S(X,Y )) by Theorem 3.8. Now,
by Lemma 3.11, we simply have g ∈ U(Fix(X,Y )). Hence f ∈ ureg(Fix(X,Y )) as
required. 
4. Green’s Relations on Ω(X,Y )
In this section, we give a characterization of Green’s relations on Ω(X,Y ) and
prove that D = J on Ω(X,Y ) if and only if Y is finite. We refer the reader to [8,
Chapter 2] for definitions and notation of Green’s relations.
In order to characterize L-relation on Ω(X,Y ), we need the following lemma.
Lemma 4.1. Let f, g ∈ Ω(X,Y ). Then f = hg for some h ∈ Ω(X,Y ) if and only
if
(i) Xf ⊆ Xg;
(ii) |y(f↾Y )
−1| ≥ |y(g↾Y )
−1| for all y ∈ Y .
Proof. Suppose that f = hg for some h ∈ Ω(X,Y ).
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(i) Since Ω(X,Y ) ⊆ T (X,Y ), we have f, g, h ∈ T (X,Y ) and so Xf ⊆ Xg by
[6, Lemma 2].
(ii) Note that f↾Y , g↾Y , h↾Y ∈ Ω(Y ) and f↾Y = h↾Y g↾Y . Then, by [9, Theorem
2.1(1)], we get |y(f↾Y )
−1| ≥ |y(g↾Y )
−1| for all y ∈ Y .
Conversely, suppose that the given conditions hold. First, we recall (ii). Then, by
[9, Theorem 2.1(1)], there exists γ ∈ Ω(Y ) such that f↾Y = γg↾Y . Next, by (i),
there exists x′ ∈ X such that xf = x′g for all x ∈ X \ Y . Therefore, for each
x ∈ X \ Y , we may choose such an element x′ ∈ X . Now, we define h : X → X by
xh =
{
xγ if x ∈ Y,
x′ if x ∈ X \ Y.
It is clear that h ∈ Ω(X,Y ). Finally, we show that f = hg. Let x ∈ X . Consider
two possible cases.
Case 1: x ∈ Y . Then x(hg) = (xh)g = (xγ)g = (xγ)g↾Y = (x(γg↾Y ) = xf↾Y = xf .
Case 2: x ∈ X \ Y . Then x(hg) = (xh)g = x′g = xf .
Hence, from both cases, we conclude that f = hg as required. 
Theorem 4.2. Let f, g ∈ Ω(X,Y ). Then (f, g) ∈ L in Ω(X,Y ) if and only if
Xf = Xg and |y(f↾Y )
−1| = |y(g↾Y )
−1| for all y ∈ Y .
Proof. It follows immediately from Lemma 4.1. 
Definition 4.3. Let P ,Q be partitions of a setX , and letA and B be subcollections
of blocks in P and Q, respectively. We say that A refines B, denoted by A  B,
if for every A ∈ A, there exists B ∈ B such that A ⊆ B. Moreover, if A  B and
B  A, then we write A = B.
For f ∈ T (X) and A ⊆ codom(f) with Xf ∩ A 6= ∅, we let
πf (A) = {xf
−1 : x ∈ Xf ∩A}.
We will write π(f) instead of πf (X). Note that π(f) is a partition of X induced
by f .
To characterize R-relation on Ω(X,Y ), we require the following lemma.
Lemma 4.4. Let f, g ∈ Ω(X,Y ). Then f = gh for some h ∈ Ω(X,Y ) if and only
if
(i) π(g)  π(f);
(ii) πg(Y )  πf (Y ).
Proof. Suppose that f = gh for some h ∈ Ω(X,Y ). Clearly f, g, h ∈ T (X,Y ).
Then, by [6, Lemma 3], the statements (i) and (ii) hold.
Conversely, suppose that the given conditions hold. Clearly f, g ∈ T (X,Y ).
Then, by [6, Lemma 3], there exists h ∈ T (X,Y ) such that f = gh. Now, we
show that h ∈ Ω(X,Y ). Note that f↾Y , g↾Y ∈ Ω(Y ) and f↾Y = g↾Y h↾Y . Therefore
g↾Y h↾Y ∈ Ω(Y ) and so h↾Y ∈ Ω(Y ) (cf. [10, Proposition 2.4.6]). Hence h ∈ Ω(X,Y )
with f = gh as required. 
Theorem 4.5. Let f, g ∈ Ω(X,Y ). Then (f, g) ∈ R in Ω(X,Y ) if and only if
π(f) = π(g) and πf (Y ) = πg(Y ).
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Proof. It follows immediately from Lemma 4.4. 
By definition of H-relation, we know that H = L ∩ R. As an immediate conse-
quence of Theorems 4.2 and 4.5, we obtain the following.
Theorem 4.6. Let f, g ∈ Ω(X,Y ). Then (f, g) ∈ H in Ω(X,Y ) if and only if
Xf = Xg, π(f) = π(g), πf (Y ) = πg(Y ), and |y(f↾Y )
−1| = |y(g↾Y )
−1| for all
y ∈ Y .
Lemma 4.7. Let f, g ∈ Ω(X,Y ).
(i) If (f, g) ∈ L in Ω(X,Y ), then (f↾Y , g↾Y ) ∈ L in Ω(Y ).
(ii) If (f, g) ∈ R in Ω(X,Y ), then (f↾Y , g↾Y ) ∈ R in Ω(Y ).
(iii) If (f, g) ∈ D in Ω(X,Y ), then (f↾Y , g↾Y ) ∈ D in Ω(Y ).
Proof.
(i) If (f, g) ∈ L in Ω(X,Y ), then there exist h, h′ ∈ Ω(X,Y ) such that f = hg
and g = h′f . Clearly f↾Y , g↾Y , h↾Y , h
′
↾Y
∈ Ω(Y ), f↾Y = h↾Y g↾Y , and g↾Y =
h′↾Y f↾Y . Hence (f↾Y , g↾Y ) ∈ L in Ω(Y ).
(ii) It is a dual of the proof of (i) and so we omit the details.
(iii) Since D = L ◦ R, it follows immediately from (i) and (ii).

In the next result, we characterize D-relation on Ω(X,Y ).
Theorem 4.8. Let f, g ∈ Ω(X,Y ). Then (f, g) ∈ D in Ω(X,Y ) if and only if
(i) |Xf \ Y | = |Xg \ Y |;
(ii) there exists α ∈ S(Y ) such that |y(f↾Y )
−1| = |(yα)(g↾Y )
−1| for all y ∈ Y .
Proof. Suppose that (f, g) ∈ D in Ω(X,Y ).
(i) Since Ω(X,Y ) ⊆ T (X,Y ), it follows that (f, g) ∈ D in T (X,Y ) and so
|Xf \ Y | = |Xg \ Y | by [6, Theorem 4].
(ii) Then, by Lemma 4.7(iii), we have (f↾Y , g↾Y ) ∈ D in Ω(Y ). Hence, by [9,
Theorem 2.1(3)], there exists α ∈ S(Y ) such that |y(f↾Y )
−1| = |(yα)(g↾Y )
−1|
for all y ∈ Y .
Conversely, suppose that the given conditions hold. By (i), there exists a bijection




−1 if x ∈ Xi where Xi ∈ πg(Y ) and Xig = ai,
bjβ if x ∈ Xj where Xj ∈ π(g) \ πg(Y ) and Xjg = bj.
It is clear that h ∈ Ω(X,Y ). First, we observe that Xf = Xh and |y(f↾Y )
−1| =
|y(h↾Y )
−1| for all y ∈ Y . Therefore (f, h) ∈ L in Ω(X,Y ) by Theorem 4.2. Next,
we see that π(h) = π(g) and πh(Y ) = πg(Y ). Therefore (h, g) ∈ R in Ω(X,Y ) by
Theorem 4.5. Since D = L ◦ R, we conclude that (f, g) ∈ D in Ω(X,Y ). 
In order to characterize J -relation on Ω(X,Y ), we need the following lemma.
Lemma 4.9. Let f, g ∈ Ω(X,Y ). Then f = hgh′ for some h, h′ ∈ Ω(X,Y ) if and
only if
(i) |Xf \ Y | ≤ |Xg \ Y |;
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for all y ∈ Y .
Proof. Suppose that f = hgh′ for some h, h′ ∈ Ω(X,Y ).
(i) Since Ω(X,Y ) ⊆ T (X,Y ), we have f, g, h, h′ ∈ T (X,Y ) and so |Xf \ Y | ≤
|Xg \ Y | by [6, Theorem 5].
(ii) Note that f↾Y , g↾Y , h↾Y , h
′
↾Y










−1| for all y ∈ Y .
Conversely, suppose that the given conditions hold. Since Y f = Y and Y g = Y ,
we have |Y f | = |Y g|. Now, we recall (i). Then we get |(Xf \Y )∪Y | ≤ |(Xg\Y )∪Y |
which simply gives |Xf | ≤ |Xg|. Thus, by [6, Theorem 5], there exist α, γ ∈
T (X,Y ) such that f = αgγ.
Now, we recall (ii). Then, [9, Theorem 2.2], there exist β, δ ∈ Ω(Y ) such that
f↾Y = βg↾Y δ. Let x ∈ X \ Y such that xf ∈ Y . Write xf = y. Since Y f = Y , it
follows that Y ∩ yf−1 6= ∅. Therefore we may choose an element x′ ∈ Y ∩ yf−1.







xβ if x ∈ Y ,
x′β if x ∈ X \ Y and xf ∈ Y ,
xα if x ∈ X \ Y and xf ∈ X \ Y .
xh′ =
{
xδ if x ∈ Y ,
xγ if x ∈ X \ Y .
Clearly h, h′ ∈ Ω(X,Y ). Finally, we show that f = hgh′. Let x ∈ X . Consider
three possible cases.
Case 1: x ∈ Y . Then x(hg) = (xh)g = (xβ)g = (xβ)g↾Y = x(βg↾Y ). Since
x(βg↾Y ) ∈ Y , we obtain
x(hgh′) = (x(hg))h′ = (x(βg↾Y ))h
′ = (x(βg↾Y ))δ = x(βg↾Y δ) = xf↾Y = xf.
Case 2: x ∈ X \ Y and xf ∈ Y . Then x(hg) = (xh)g = (x′β)g = (x′β)g↾Y =
x′(βg↾Y ). Since x
′(βg↾Y ) ∈ Y , we obtain
x(hgh′) = (x(hg))h′ = (x′(βg↾Y ))h
′ = (x′(βg↾Y ))δ = x
′(βg↾Y δ) = x
′f↾Y = x
′f = xf.
Case 3: x ∈ X \ Y and xf ∈ X \ Y . Then x(hg) = (xh)g = (xα)g = x(αg).
We now claim that x(αg) ∈ X \ Y . We assume by contradiction that x(αg) ∈ Y .
Then xf = x(αgγ) = (x(αg))γ ∈ Y which is a contradiction of the assumption
xf ∈ X \ Y . Hence x(αg) ∈ X \ Y . Using these facts, we obtain
x(hgh′) = (x(hg))h′ = (x(αg))h′ = (x(αg))γ = x(αgγ) = xf.
Hence, from all three cases, we conclude that f = hgh′ as required. 
Theorem 4.10. Let f, g ∈ Ω(X,Y ). Then (f, g) ∈ J in Ω(X,Y ) if and only if
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for all y ∈ Y
Proof. It follows immediately from Lemma 4.9. 
It is well-known that D ⊆ J on every semigroup, and D = J on T (X). However,
the following example shows that D = J on Ω(X,Y ) is not always true.
Example 4.11. Let Y = N be the set of positive integers, and let X = N ∪ {0}.
Define f, g : X → X by
xf =
{
1 if x ∈ {0, 1} ∪ (2N+ 1),
x







1 if x ∈ {1} ∪ (4N+ 1),
2 if x ∈ {0} ∪ (4N− 1),
x
2 + 2 if x ∈ 2N.
Obviously f, g ∈ Ω(X,Y ). First, we show that (f, g) ∈ J in Ω(X,Y ). Observe
that Xf = Xg = Y and so |Xf \ Y | = |Xg \ Y |. Now, consider the partition





Next, consider the partition {{1, 2}, {y} : y ∈ Y \ {1, 2}} of Y . Then, for all y ∈ Y ,





−1|. Using these facts, we conclude from
Theorem 4.10 that (f, g) ∈ J on Ω(X,Y ).
Second, we assume by contradiction that (f, g) ∈ D in Ω(X,Y ). Then, by
Theorem 4.8, there exists a bijection α ∈ S(Y ) such that |y(f↾Y )
−1| = |(yα)(g↾Y )
−1|
for all y ∈ Y . Now, we consider two possible cases of 1α.
Case 1: 1α = 1. Then for y = 2α−1, we get |y(f↾Y )
−1| = 1 and |(yα)(g↾Y )
−1| =
|2(g↾Y )
−1| = ∞, a contradiction.
Case 2: 1α 6= 1. Then for y = 1α−1, we get |y(f↾Y )
−1| = 1 and |(yα)(g↾Y )
−1| =
|1(g↾Y )
−1| = ∞, a contradiction.
Hence we conclude that(f, g) /∈ D on Ω(X,Y ).
In the next result, we give a necessary and sufficient condition for D = J on
Ω(X,Y ).
Theorem 4.12. We have D = J on Ω(X,Y ) if and only if Y is finite.
Proof. Suppose that D = J in Ω(X,Y ). On the contrary, assume that Y is infinite.
Then there exist two disjoint subsets A,B ⊆ Y such that |Y | = |A| = |B| =
|Y \ (A ∪ B)|. Let p, q ∈ Y be distinct elements. Note that |Y \ (A ∪ B)| =
|Y \ {p, q}| and |Y \ (A ∪ B)| = |Y \ {p}|. It follows that there exist bijections







p if x ∈ A ∪ (X \ Y ),




p if x ∈ A ∪B ∪ (X \ Y ),
xβ otherwise.
It is clear that f, g ∈ Ω(X,Y ). First, we show that (f, g) ∈ J in Ω(X,Y ). Observe
that |Xf \Y | = |Xg\Y |. Now, consider the partition {{y} : y ∈ Y } of Y . Then, for




−1|. Next, consider the partition





−1|. Using these facts, we conclude from Theorem 4.10 that (f, g) ∈
J on Ω(X,Y ).
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Second, observe that the number of blocks of infinite cardinalities in the parti-
tions π(f↾Y ) and π(g↾Y ) of Y are two and one, respectively. Therefore there does
not exist any bijection α ∈ S(Y ) such that |y(f↾Y )
−1| = |(yα)(g↾Y )
−1| for all y ∈ Y .
It follows from Theorem 4.8 that (f, g) /∈ D in Ω(X,Y ) which is a contradiction of
the assumption D = J on Ω(X,Y ). Hence Y is finite.
Conversely, suppose that Y is finite. Then Ω(X,Y ) = S(X,Y ). Hence, by [17,
Theorem 3.1(4)], we have D = J on Ω(X,Y ) 
Because of Example 2.3 of [9], we remark that D = J on Ω(X) if and only if X
is finite. Using this, we have the following corollary of Theorem 4.12.
Corollary 4.13. We have D = J on Ω(X,Y ) if and only if D = J on Ω(Y ).
5. Ideals of Ω(X,Y )
In this section, we present a characterization of ideals of Ω(X,Y ). Moreover, we
determine the kernel of Ω(X,Y ). To prove the main results of this section, we need
the next five lemmas.
For an infinite set A and a map α ∈ Ω(A), let
N(α) = {a ∈ A : |aα−1| < |A|}
and n(α) = |N(α)|. It is obvious that 0 ≤ n(α) ≤ |A| for all α ∈ Ω(A).
Lemma 5.1. If A is an infinite set and α, β ∈ Ω(A), then n(αβ) ≤ min{n(α), n(β)}.
Proof. First, we show that n(αβ) ≤ n(β). For this, let a ∈ N(αβ). Then
|a(αβ)−1| < |A| and so |aβ−1| ≤ |(aβ−1)α−1| = |a(αβ)−1| < |A|. Therefore
a ∈ N(β) and so N(αβ) ⊆ N(β). Hence n(αβ) ≤ n(β).
Next, we show that n(αβ) ≤ n(α). For this, let a ∈ N(αβ). Then |a(αβ)−1| <
|A|. Let x ∈ aβ−1. Then |xα−1| ≤ |(aβ−1)α−1| = |a(αβ)−1| < |A|. This implies
that x ∈ N(α) and so a = xβ ∈ N(α)β. Therefore N(αβ) ⊆ N(α)β and so
n(αβ) ≤ |N(α)β|. Since |N(α)β| ≤ n(α), we subsequently have n(αβ) ≤ n(α).
Thus n(αβ) ≤ min{n(α), n(β)}. 
For two cardinal numbers s and t with 0 ≤ s ≤ |Y | and 0 ≤ t ≤ |X \ Y |, let
J(s, t) = {f ∈ Ω(X,Y ) : n(f↾Y ) ≤ s and |Xf \ Y | ≤ t}.
Lemma 5.2. Let s and t be cardinal numbers such that 0 ≤ s ≤ |Y | and 0 ≤ t ≤
|X \ Y |. If Y is an infinite subset of X, then J(s, t) is an ideal of Ω(X,Y ).
Proof. First, we show that J(s, t) 6= ∅. For this, consider a map f ∈ T (X) such
that Xf = Y and |y(f↾Y )
−1| = |Y | for all y ∈ Y . Obviously f ∈ Ω(X,Y ). Also, it
is clear that n(f↾Y ) = 0 and |Xf \ Y | = 0. Therefore f ∈ J(s, t) and so J(s, t) 6= ∅.
To show that J(s, t) is an ideal of Ω(X,Y ), let f ∈ J(s, t) and g, h ∈ Ω(X,Y ).
Then, by definition of J(s, t), we have n(f↾Y ) ≤ s and |Xf \ Y | ≤ t. Note that
(gfh)↾Y = g↾Y f↾Y h↾Y . Therefore, by Lemma 5.1, we obtain
n((gfh)↾Y ) = n(g↾Y f↾Y h↾Y ) ≤ n(f↾Y h↾Y ) ≤ n(f↾Y ) ≤ s.
Since Y h = Y , we have X(fh) \ Y ⊆ (Xf \ Y )h. Also, since Xg ⊆ X , we have
X(gfh) ⊆ X(fh). Using these facts, we obtain
|X(gfh) \ Y | ≤ |X(fh) \ Y | ≤ |(Xf \ Y )h| ≤ |Xf \ Y | ≤ t.
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Hence, by definition of J(s, t), we have gfh ∈ J(s, t) as required. 
Lemma 5.3. Let s and t be cardinal numbers such that 0 ≤ s ≤ |Y | and 0 ≤ t ≤
|X \ Y |. Then
⋃
f∈J(s,t)
Jf = J(s, t).
Proof. Write
⋃
f∈J(s,t) Jf = J . It is obvious that J(s, t) ⊆ J . To show the reverse
inclusion, let g ∈ J . Then g ∈ Jf for some f ∈ J(s, t). Therefore, by Theorem 4.10,
we have |Xg \ Y | = |Xf \ Y | ≤ t. Also, by Theorem 4.10, there exist partitions












Now, we show that n(g↾Y ) = n(f↾Y ). For this, let x ∈ N(f↾Y ). Then |x(f↾Y )
−1| <
|Y |. Let w ∈ Px. Then, from the first inequality of equation (2), we get |w(g↾Y )
−1| <
|Y | and so w ∈ N(g↾Y ). It follows that Px ⊆ N(g↾Y ). Since |Px| ≥ 1, we have
|N(f↾Y )| ≤ |N(g↾Y )| and subsequently n(f↾Y ) ≤ n(g↾Y ).
Similarly, by using the second inequality of equation (2), we can obtain n(g↾Y ) ≤
n(f↾Y ). Thus n(g↾Y ) = n(f↾Y ). Since n(f↾Y ) ≤ s, it follows that n(g↾Y ) ≤ s. Hence,
by definition of J(s, t), we have g ∈ J(s, t) and so J ⊆ J(s, t) as required. 
For a nonempty subset F of Ω(X,Y ), let
J(F ) =
{
f ∈ Ω(X,Y ) : there exist g ∈ F and a partition {Py : y ∈ Y } of Y such that





−1| for all y ∈ Y
}
.
It is clear that F ⊆ J(F ).
Lemma 5.4. If F is a nonempty subset of Ω(X,Y ), then J(F ) is an ideal of
Ω(X,Y ).
Proof. Note that F ⊆ J(F ). Since F 6= ∅, we have J(F ) 6= ∅. To show that J(F ) is
an ideal of Ω(X,Y ), let f ∈ J(F ) and h, h′ ∈ Ω(X,Y ). Then, by definition of J(F ),
there exist g ∈ F and a partition {Py : y ∈ Y } of Y such that |Xf \ Y | ≤ |Xg \ Y |







First, note that Y h′ = Y and X(hfh′) ⊆ X(fh′). Therefore we obtain
|X(hfh′) \ Y | ≤ |X(fh′) \ Y h′| ≤ |(Xf \ Y )h′| ≤ |Xf \ Y | ≤ |Xg \ Y |.
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Second, let y ∈ Y . Since f↾Y , h↾Y , h
′
↾Y





































Observe that {Qy : y ∈ Y } is a partition of Y . Thus, by definition of J(F ), we have
hfh′ ∈ J(F ) as required. 
Lemma 5.5. If F is an ideal of Ω(X,Y ), then F = J(F ).
Proof. From definition of J(F ), we have F ⊆ J(F ). To show the reverse inclusion,
let f ∈ J(F ). Then, by definition of J(F ), there exist g ∈ F and a partition






for all y ∈ Y . Then, by Lemma 4.9, there exist h, h′ ∈ Ω(X,Y ) such that f = hgh′.
Since F is an ideal of Ω(X,Y ), it follows that f = hgh′ ∈ F and so J(F ) ⊆ F as
required. 
Combining Lemmas 5.4 and 5.5, we obtain a characterization of ideals of Ω(X,Y )
as follows.
Theorem 5.6. An ideal of Ω(X,Y ) is precisely of the form J(F ) for some nonempty
subset F of Ω(X,Y ).
If Y = X , then Ω(X,Y ) = Ω(X). The following corollary is an immediate
consequence of Theorem 5.6.
Corollary 5.7. Let X be an infinite set. Then an ideal of Ω(X) is precisely
{




|wg−1| for all x ∈ X
}
for some nonempty subset F of Ω(X).
In the next result, we determine the kernel of Ω(X,Y ).
Theorem 5.8. Let Y be an infinite subset of X. Then K(Ω(X,Y )) = J(0, 0).
Proof. From Lemma 5.2, the subset J(0, 0) is an ideal of Ω(X,Y ). To show that
J(0, 0) is minimal, let I be an ideal of Ω(X,Y ) that is contained in J(0, 0). Let
f ∈ J(0, 0). Then, by definition of J(0, 0), we have |Xf \ Y | = 0 and n(f↾Y ) = 0.
Let g ∈ I. Obviously |Xg \ Y | ≥ 0. Since |Xf \ Y | = 0, it is clear that
|Xf \ Y | ≤ |Xg \ Y |. Let y ∈ Y . Since n(f↾Y ) = 0, we have |y(f↾Y )
−1| = |Y | and
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so
|y(f↾Y )





for the partition {{y} : y ∈ Y } of Y . It follows from definition of J(I) that f ∈ J(I)
and so f ∈ I by Lemma 5.5. Therefore J(0, 0) ⊆ I and hence J(0, 0) = I as
required. 
If Y = X , then Ω(X,Y ) = Ω(X). The following corollary is an immediate
consequence of Theorem 5.8, which was first proved by Konieczny [9, Theorem
3.2(1)] in 2019.
Corollary 5.9. If X is an infinite set, then K(Ω(X)) = {α ∈ Ω(X) : n(α) = 0}.
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